Abstract. In this paper, we give a result of the smooth projective surface with Picard number 2 and d(X) = 1(i.e. every pseudo-effective divisor on a smooth projective surface X has an integral Zariski decomposition) for answering [HPT15], Problem 2.3.
Introduction
In this paper, X is a smooth projective surface over complex numbers. "integral" means that irreducible and reducible. "≡" is numerical equivalence.
In [BPS17] , Thomas Bauer, Piotr Pokora, David Schmitz prove that boundedness of Zariski denominators on a smooth projective surface X is equivalent to X having bounded negativity (i.e., that there exists a number b(X) ∈ Z such that C 2 ≥ −b(X) for every negative curve C). An intersecting criterion for X to have bounded Zariski denominators was given in [BPS17] as d(X) ≤ b(X) ρ(X)−1 , where we say that a pseudo-effective divisor D has an integral Zariski decomposition D = P+N if P and N are defined over the integers (i.e., all coefficients occurring in P, N are integers), we call that X has d(X)=1: Proposition 1.1. Let X be a smooth projective surface such that for every integral curve C one has C 2 ≥ −1.
Then d(X)=1.
This raises the converse question:
. Let X be a smooth projective surface having the property that every integral pesudoeffective divisor D has an integral Zariski decomposition. Is every negative curve then a (-1)-curve?
In [HPT15] , B. Harbourne, P. Pokora, And H. Tutaj-Gasinska give a counterexample on a smooth projective K3 surface of Picard number 2 which having intersection form −2 4 4 −2 .
At the end of [HPT15] , they posed a problem: In this paper, we answer this question for giving a result of the smooth projective surface X with Picard number ρ(X) = 2, d(X) = 1, b(X) > 0. 
In order to prove Theorem 1.3, we give the following result. (
. Moreover, C 1 , C 2 are the only integral negative curves. 
, where C 1 and C 2 are (0)-curve and (−2)-curve respectively. X has the form of intersection matrix:
, where C 1 and C 2 are (−2)-curves. X has the form of intersection matrix:
On the other hand, we also give a result about SHGH conjecture. 
Preliminaries
In this section, we recall some results about Fujita-Zariski decompostion from [Fuj79] . 
Proof. See [Fuj79] , Lemma 1.4.
Definition 2.4. A Q-line bundle L is said to be pseudo − e f f ective if L · H ≥ 0 for any semipositive Q-line bundle H. Clearly any effective Q-divisor is pseudo effective.
Proof. See [Fuj79] , Lemma 1.7. Proof. We note the proof of the theorem (see [Fuj79] , Theorem 1.12) for the proof of Lemma 3.1.
Let C 1 , . . . , C q 1 be all the prime divisors such that
Then N 1 is effective by Lemma 2.2 and P 1 = D − N 1 is pseudo-effective by Lemma 2.3.
If P 1 is nef, then N 1 satisfies the desired condition. If not, let C q 1 +1 , . . . , C q 2 be all the prime divisors with P 1 · C j < 0. Then I(C 1 , . . . , C q 2 ) is negative definite by Lemma 2.6.
So we have
If L 2 is nef, then N = N 1 + N 2 satisfies the desired condition. If not, we construct similarly end till P t . Then I(C 1 , . . . , C q t ) is negative definite and t ≤ q t ≤ the Picard number of X.
Hence t cannot go to ∞. Thus we obtain a nef P t after finite steps. Then N = N 1 +N 2 +· · ·+N t satisfies the desired conditions.
The uniqueness of such N is proved by the same argument as in [Zar62] .
3. The proof of Theorem 1.1
We first give the key lemma. Note that the following easy claim will be used in the proof of Lemma 3.1.
Claim 3.1. If the intersection matrix of C and D with C ·
C 1 · C 2 for that there exist infinitely many prime integral numbers, this is a contraction. Now we give the proof of Lemma 3.1.
Proof. Let C = C 1 be an integral negative curve on X, and D = C 2 be another integral curve.
(
There are infinitely many prime numbers pairs m 1 , m 2 satisfies (1). And by process of the proof of Theorem 2.1, we have
where m 2 ( 
There are infinitely many prime numbers pairs m 1 , m 2 satisfies (3). And by process of the proof of Theorem 2.1, we have
where Proof. By [Har77] , Theorem V. 6.1, if κ(X) = −∞, then X is either rational or ruled.
Since b(X) > 0, then the rational surface with d(X) = 1 must be blow-up at a smooth point of P 2 . Now let π : X −→ C be a ruled surface, let C 0 be a section, and let f be a fiber. Then by [Har77] , Proposition V.2.3 and 2.9 , we have By [Har77] , Proposition V.2.20, we know that X has only C 0 as integral negative curves. Now by Lemma 3.1 we have e = 1 to obtain the desired result. Proof. By the Enriques Kodaira Classification (see [BHPV04] , VI) and [Har77] , Theorem V.6.3, if b(X) > 0 and ρ(X) = 2, then X must be the K3 surface, Enriques surface. If X is the K3 surface, then the desired result is the following Theorem 3.1. If X is the Enriques surface, then by [BHPV04] , Proposition VIII. Proposition 15.2, we have ρ(X) = 10. 
. Moreover, C 1 , C 2 are the only integral negative curves.
Proof. By Lemma 3.1, we have C 2 i |C 1 · C 2 , i = 1, 2. By Hodge index theorem ([Har77], Theorem V.1.9) and Signature theorem ([BHPV04], Theorem IV.2.14) , the intersection matrix A of C 1 and C 2 has signature (1, 1).
Consider the characteristic polynomial of the intersection matrix A of C 1 and C 2 is
Since A has signature (1, 1),then
On the other hand,
Hence, a divisor D is effective if and only if it is pseudo-effective, and no negative curve can meet both C 1 and C 2 non-negatively (i.e., C 1 and C 2 are the only integral negative curves). Finally, by the proof of Lemma 3.1 we obtain that every effective divisor D ≡ m 1 C 1 + m 2 C 2 has the integral Zariski decomposition. 
Moreover, C 2 is the only integral negative curve.
Proof. By Lemma 3.1 and let H ≡ mC 1 + m ′ C 2 be the ample divisor on X, we have
If there exists another integral negative curve 
, where C 1 and C 2 are (−2)-curves, then X has the form of intersection matrix:
Lemma 3.4. Let X be the smooth projective surface with Picard number ρ(X) = 2 and d(X) = 1.
Proof. Let D ≡ m 1 C 1 + m 2 C 2 be the integral negative curve but C 1 , C 2 .
Claim 3.4. If κ(X) = 1, then every integral negative curve C on this surface X has genus g(C) ≥ 2.
Proof. If κ(X) = 1 and K X nef, then by [Bea78] , Proposition IX.2, we have
There is a smooth curve B and a surjective morphism p : S −→ B whose generic fiber F is an elliptic curve.
Hence, ρ(X) ≥ 2 and when ρ(X) = 2, X is a relative minimal elliptic fibration over a curve and every singular fiber are only some multiplier fiber. If there exists an integral negative curve C as a horizontal curve, then K X · C > 0 and by Lemma 3.1 we have
That [B.etc.12], Proposition 3.5.3 and Lemma 3.5 tell us that Proof. By [BHPV04] , Proposition VII.2.5, X has at most one either (-1)-rational curve or (-2)-rational curve.
Assume that there exists an integral negative curve C with −C 2 > 2 or g(C) > 0, then K X · C > 0, K X is ample, k C := K X · C −C 2 ∈ N + . Hence,we can let K X be an ample divisor ,p g (X) ≥ 1.
By [BHPV04] , Theorem VII.7.4, the bi-canonical map
is a morphism. If f 2 is not birational and K 2 X ≥ 10, then by [BHPV04] , Theorem VII.5.1, X is a fiber space with a curve of genus 2 as general fibre. Now let p : X −→ B be the fiber space with a curve of genus 2 as general fibre F. Since ρ(X) = 2 and K X ample, then there exists a sufficient divisible integer N such that NF ≡ m 1 K X + m 2 C, m 1 > 0.
and
